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Abstract. Distance-hereditary graphs consist of the isometric graphs, and hence
contain trees and cographs. First, a canonical and compact tree representation of
the class is proposed. The tree representation can be constructed in linear time us-
ing two prefix trees. Usually, the prefix trees are used to maintain a set of strings.
The prefix trees in our algorithm are used to maintain the neighbors for each ver-
tex, which is new approach comparing to the other known results based on the
lexicographically bread first search. Several efficient algorithms for the distance-
hereditary graphs based on the canonical tree representation are proposed; lin-
ear time algorithms for graph recognition and graph isomorphism, and efficient
enumeration algorithm. An efficient coding for the tree representation is also pre-
sented, which requires 4n bits for a distance-hereditary graph of n vertices, and
3n bits for a cograph. The results improve previously known upper bounds of the
number of distance-hereditary graphs and cographs.

Keywords: algorithmic graph theory, cograph, distance-hereditary graph, prefix
tree, tree representation.

1 Introduction

Recently, data-driven computations are studied in, e.g., data mining and bioinformatics.
We process over tons of data, find knowledge automatically, and classify them in these
areas. To achieve the purpose efficiently, we sometimes assume a structure of the data,
which is observed implicitly or explicitly. More precisely, we propose a possible struc-
ture for the data, enumerate them, and test if the model is feasible. The frequent pattern
discovery problem in data mining is a typical example, and widely investigated (see,
e.g., [16,19,29,1]). Once the feasible model is fixed, we move our attention to solve
the problem over the structured data. However, those structures are relatively primitive
from the graph algorithmic point of view, and there are many unsolved problems for
more complex structure.
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We have to achieve three efficiencies to deal with the complex structure efficiently;
the structure has to be represented efficiently, essentially different instances have to be
enumerated efficiently, and the property of the structure has to be checked efficiently.
There are few results from this viewpoint except trees [22,23,25,13,20].

Recently, a variety of graph classes have been proposed and studied so far [4,14].
Since an early work by Rose, Tarjan, and Lueker [27], the lexicographic breadth first
search (LexBFS) plays an important role as a basic tool to recognize several graph
classes. The LexBFS gives us a simple ordering of vertices based on the neighbor-
preferred manner (see [9] for further details).

In this paper, instead of LexBFS, we use a prefix tree, which represents a set of
strings and supports to check whether a given string is included or not in the set. The
notion is also known as trie [21]. We define a string to represent the open and closed
neighbors, which will be defined later, and maintain those strings in two prefix trees.
Using two prefix trees we can find a set of vertices having identical (or similar) neigh-
bors efficiently. This is a quite different approach to the previously known algorithms
based on LexBFS [11,5].

We apply the idea to distance-hereditary graphs. Distance in graphs is one of the
most important topics in algorithmic graph theory, and there are many areas that have
some geometric property. Distance-hereditary graphs were characterized by Howorka
[17] to deal with the geometric distance property called isometric, which means that
all induced paths between pairs of vertices have the same length. More precisely, a
distance-hereditary graph is the graph that any pair of vertices u and v has the same
distance on any vertex induced subgraph containing u and v. Intuitively, any longer
path between them has a shortcut on any vertex induced subgraph.

Some characterizations of distance-hereditary graphs are given [2,12,15]. Especially,
Bandelt & Mulder [2] showed that any distance-hereditary graph can be obtained from
K2 by a sequence of operations called “adding a pendant vertex” and “splitting a vertex.”
Many efficient algorithms on distance-hereditary graphs are based on the characteriza-
tion [7,3,6,26,18,8]. We will show that the sequence can be found efficiently on the
prefix trees that represent open and closed neighbors of each vertex.

In this paper, there are two key contributions for the class of distance-hereditary
graphs. First, we propose a compact and canonical tree representation. This is a natural
generalization for the tree representation of the class of cographs. Secondly, we show a
linear time and space algorithm that constructs the tree representation for any distance-
hereditary graph. To achieve the linear time and space, two prefix trees for open and
close neighbors play important roles. The results have the following applications.

(1) The graph isomorphism problem can be solved in linear time and space. This is
conjectured by Spinrad in [28, p.309], but it was not explicitly given.

(2) The recognition problem can be solved in linear time and space. Our algorithm is
much simpler than the previously known recognition algorithm for the class (see [11,
Chapter 4] for further details); the original Hammer & Maffray’s algorithm [15] fails in
some cases, and Damiand, Habib, and Paul’s algorithm [11] requires to build the cotree
of a cograph in linear time. The cotree of a cograph can be constructed in linear time by
using a classic algorithm due to Corneil, Perl, and Stewart [10], or a recent algorithm
based on multisweep LexBFS approach by Bretscher, Corneil, Habib, and Paul [5].
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(3) For given n, all distance-hereditary graphs with at most n vertices can be enumerated
in O(n) time per graph with O(n2) space.

(4) We propose an efficient encoding of a distance-hereditary graph. Any distance-
hereditary graph with n vertices can be represented in at most 4n bits. This encoding
gives us a upper bound of the number of distance-hereditary graphs of n vertices: there
are at most 24n non-isomorphic distance-hereditary graphs with n vertices. Applying
the technique to cographs, each cograph of n vertices can be represented in at most 3n
bits, and hence the number of cographs of n vertices is at most 23n. They improve the
previously known upper bounds; both are 2O(n log n) [28, p.20,p.98].

Due to space limitation, proofs and some details of algorithms are omitted.

2 Preliminaries

The set of the open neighbors of a vertex v in a graph G = (V, E) is the set N(v) = {u ∈
V | {u, v} ∈ E}. We denote the closed neighbors N(v) ∪ {v} by N[v]. Throughout the
paper, we denote by n := |V | and m := |E|. For a vertex subset U of V , we denote by
N(U) the set {v ∈ V | v ∈ N(u) for some u ∈ U}, and by N[U] the set {v ∈ V | v ∈
N[u] for some u ∈ U}. A vertex set C is a clique if all pairs of vertices in C are joined
by an edge in G. If a graph G = (V, E) itself is a clique, it is said to be complete, and
denoted by Kn. Given a graph G = (V, E) and a subset U of V , the induced subgraph by
U, denoted by G[U], is the graph (U, E′), where E′ = {{u, v} | u, v ∈ U and {u, v} ∈ E}.
For a vertex w, we sometimes denote the graph G[V \ {w}] by G − w for short. Two
vertices u and v are said to be twins if N(u) \ {v} = N(v) \ {u}. For twins u and v, we
say that u is a strong sibling of v if {u, v} ∈ E, and a weak sibling if {u, v} � E. We
also say strong (weak) twins if they are strong (weak) siblings. If a vertex v is one of
the strong or weak twins with another vertex u, we simply say that they are twins, and
v has a sibling u. Since twins make the transitive relation, we say that a vertex set S
with |S | > 2 is also strong (weak) twins if each pair in S consists of strong (weak)
twins. For two vertices u and v, the distance of the vertices, denoted by d(u, v), is the
minimum length of the paths joining u and v. We here extend the neighbors recursively
as follows: For a vertex v in G, we define N0(v) := {v} and N1(v) := N(v). For k > 1,
Nk(v) := N(Nk−1(v)) \ (∪k−1

i=0 Ni(v)). That is, Nk(v) is the set of vertices of distance k
from v.

The following operations for a graph play an important role; (α) pick a vertex x in
G and add a new vertex x′ with an edge {x, x′}, (β) pick a vertex x in G and add x′

with edges {x, x′} and {x′, y} for all y ∈ N(x), and (γ) pick a vertex x in G and add x′

with edges {x′, y} for all y ∈ N(x). For the operation (α), we say that the new graph is
obtained by attaching a pendant vertex x′ to the neck vertex x. In (β) and (γ), it is easy
to see that x and x′ are strong and weak twins, respectively. In the cases, we say that the
new graph is obtained by splitting the vertex x into strong and weak twins, respectively.
It is well known that the class of cographs is characterized by the operations as follows:

Theorem 1. A connected graph G with at least two vertices is a cograph iff G can be
obtained from K2 by a sequence of operations (β) and (γ).
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The operations are also used by Bandelt and Mulder to characterize the class of
distance-hereditary graphs [2]:

Theorem 2. A connected graph G with at least two vertices is distance-hereditary iff
G can be obtained from K2 by a sequence of operations (α), (β), and (γ).

In (α), a pendant vertex is attached, and in (β) and (γ), a vertex is split into two siblings.
We also use the following generalized operations for k ≥ 1; (α′) pick a neck x in G and
add k pendants to x, (β′) pick a vertex x in G and split it into k + 1 strong siblings, and
(γ′) pick a vertex x in G and split it into k + 1 weak siblings.

For a vertex set S ⊆ V of G = (V, E) and a vertex s ∈ S , the contraction of S into
s is obtained by: (1) for each edge {v, u} with v ∈ S \ {s} and u ∈ V \ S , add an edge
{u, s} into E. (2) Multiple edges are replaced by a single edge. (3) remove all vertices in
S \ {s} from V and their associated edges from E.

Let v1, v2, . . . , vn be an ordering of a vertex set V of a connected distance-hereditary
graph G = (V, E). Let Gi denote the graph G[{vi, vi+1, . . . , vn}] for each i. Then the or-
dering is pruning sequence if Gn−1 is K2 and Gi+1 is obtained from Gi by either pruning
a pendant vertex vi or contracting some twins vi and v ∈ Gi+1 into v for each i < n − 1.
For a connected cograph G, the pruning sequence of G is defined similarly with only
contractions of twins.

Two graphs G = (V, E) and G′ = (V ′, E′) are isomorphic iff there is a one-to-one
mapping φ : V → V ′ such that {u, v} ∈ E iff {φ(u), φ(v)} ∈ E′ for every pair of vertices
u, v ∈ V . We denote by G ∼ G′ if they are isomorphic.

2.1 Open and Closed Prefix Trees and Basic Operation

We here introduce the prefix trees, which are also called tries, of open and closed neigh-
bors. The details can be found in standard textbooks; see, e.g., [21]. A prefix tree is a
rooted tree T ; hereafter, the vertices of prefix trees are called nodes to distinguish from
the vertices in G. Except the root, each node in T is labeled by a vertex in G, and some
nodes are linked to vertices in G. We note that two or more nodes in T can have the
same label (the name of a vertex of G), but each vertex in G has exactly one pointer to a
node in T . The labels of a prefix tree satisfy; (1) if a node with label v is the parent of a
node of label v′, it holds v′ > v, and (2) no two children of a node have the same label.
We will maintain N(v) and N[v] = N(v) ∪ {v} for all vertices in G by two prefix trees as
follows. The path of a prefix tree from a node x to the root gives a set of labels (or vertex
set in G), denoted by set(x). If the node x is pointed by a vertex v, then we consider that
set(x) is associated with v. In this manner, two families of open/closed neighbors are
represented by two prefix trees, by considering the neighbor set as the associated set.
We call them the open/closed prefix trees, and denoted by T (G) and T [G], respectively.
The prefix trees T (G) and T [G] for the graph G in Fig. 1 are depicted in Fig. 2. Except
the root, each square is the node labeled by a vertex in G. Each circle indicates a vertex
v in G, and the thick arrows are pointers to the corresponding node. Since we can make
that every leaf of the prefix tree is pointed by at least one vertex, the size of prefix tree is
O(n+m). With suitable data structure, we can get the parent of a node in constant time,
but to find a specified child (by a label) takes linear time in the number of children.
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Fig. 2. Two prefix trees for G in Fig. 1(1)

Lemma 1. For any given graph G = (V, E), T (G) and T [G] are constructed in O(n+m)
time and space.

Observation 3. Let u and v be any vertices in G. Then (1) u is pendant of the neck v iff
a child of the root of T (G) has label v and pointed by u, (2) u and v are strong twins iff
u and v point to the same node in T [G], and (3) u and v are weak twins iff u and v point
to the same node in T (G).

During the algorithm, we have to update prefix trees efficiently. Especially, removing a
node from a prefix tree is a key procedure, which is described in Algorithm 1.

Lemma 2. For a graph G = (V, E) and a vertex w, T (G−w) and T [G−w] are obtained
from T (G) and T [G], respectively, by Algorithm 1.

A node x pointed by the vertex w has an ancestor with label v iff w ∈ N(v) or w ∈ N[v].
Thus the number of ancestors of the node pointed by w is at most |N[w]|, and hence
steps 1 and 2 can be done in O(|N[w]|) time. Moreover, the number of nodes with label
w is bounded by |N[w]|, and the sum of the number of their children is also bounded
by |N[w]| since a node of label w appears only on the path from the root to the node
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Algorithm 1. Delete a vertex from a prefix tree
Input : An (open or closed) prefix tree T , vertex w to be deleted;
Output: Prefix tree T ′ which does not contain w;
let x be the node linked to the vertex w; // Remove N[w] in steps 1, 2.1

while x is a leaf pointed by no vertices do delete x and set x to be its parent;2

foreach node x with label w do3

// Remove all ws from N(v) or N[v]
attach the list of pointers from vertices to x to the list of the parent y of x;4

connect each child of x to y as a child of y;5

while y has two children z1, z2 with same label do6

unify z1 and z2 to a node z, and replace z1 and z2 by z;7

update y by z;8

delete x from T ;9

return T .10

pointed by v ∈ N[w]. Hence the loop from steps 3 to 9 will be repeated at most |N[w]|
times. Steps 4 and 9 can be done in O(1) time. Therefore, our main task is to perform
step 5 and the while loop from step 6 efficiently. We call the step 7 unification of z1 and
z2. The following lemma is a general property of a prefix tree.

Lemma 3. Suppose that Algorithm 1 deletes all vertices from G = (V, E). Then the
total number of unifications is O(n + m). 
�
For each y, the unification cost of y is time complexity for finding the pair z1 and z2. We
will show that the unification cost of each y can be O(1).

3 Canonical Trees

We introduce the notion of the DH-tree, which is a canonical tree representation of a
distance-
hereditary graph. First, we define the DH-tree derived from a distance-hereditary graph
G. The derivation is constructive, and the resultant tree is uniquely determined up to iso-
morphism. But it can be redundant. Hence we next introduce the normalized DH-tree
obtained by reducing the redundancy which is also uniquely determined up to isomor-
phism. Hence it will be used as the canonical and compact representation of a distance-
hereditary graph.

We will deal with K1,K2 as special distance-hereditary graphs. Hereafter, we assume
that G = (V, E) is a connected distance-hereditary graph with at least three vertices. For
given G, we define three families of vertex sets as follows;

S := {S | x, y ∈ S iff N[x] = N[y] and |S | ≥ 2},
W := {W | x, y ∈ W iff N(x) = N(y), |W | ≥ 2, {x, y} � E, and |N(x)| = |N(y)| > 1}, and

P := {P | x, y ∈ P iff x is a pendant vertex and y is its neck}.

Lemma 4. (1) Each set P ∈ P contains exactly one neck with associated pendants. (2)
Each v ∈ V belongs to either (a) exactly one set in S ∪W ∪ P, or (b) no set in the
families. (3) For any distance-hereditary graph G, S ∪W ∪P � ∅.
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We first introduce the notion of the DH-tree derived from a distance-hereditary graph
G, which is a rooted ordered tree, and each inner node1 has a label. The label of an
inner node is one of {s, w, p}, which indicate strong/weak twin, and pendant with neck,
respectively. The DH-tree derived from G is defined recursively from leaves to the root.
We have three basic cases:

(1) The DH-tree derived from K1 is defined by a single root with no label.

(2) When G ∼ Kn with n ≥ 2, the DH-tree of G is defined by a single root with label s
and n leaves with no labels. The tree represents that Kn can be obtained from a single
vertex K1 by splitting it into n strong siblings.

(3) The graph G is a star with n > 2 vertices which has a center vertex with n − 1
pendant vertices. In the case, the DH-tree derived from G is defined by a single root
with label p, and n leaves with no labels. We remind that the tree is ordered. In the tree,
the leftmost child of a node with label p indicates the neck. That is, the leftmost leaf
corresponds to the center of the star, and n− 1 leaves correspond to the n− 1 pendants.

We note that K2 is a clique, and not a star. Hence the root with label p of a DH-tree
has at least three children. We also note that the number of leaves of the tree is the
number of vertices in G. This is an invariant for the DH-tree.

We now define the DH-tree T derived from G = (V, E) with |V | = n > 2 in general
case. We assume that G is neither Kn nor a star. We start with independent n leaves of
T . Each leaf in T corresponds to a vertex in G, and we identify them hereafter. Then,
by Lemma 4(2), we can group the leaves by three kinds of families S,W, and P. Then,
S∪W∪P � ∅ by Lemma 4(3). Let S be any set in S. Then we make a common parent
with label s of the leaves. We repeat this process for each S in S. For each set W inW,
we similarly make a common parent with label w of them. Let P be any set in P. Then,
P contains exactly one neck v and some pendants u. We make a common parent with
label p of them, and make the neck v the leftmost child of the parent. The pendants are
placed on the right of the neck in arbitrary ordering.

After the process, we contract each vertex set in S∪W into a new vertex on G. Each
new vertex corresponds to a parent in the resultant T and we identify them. For each
P ∈ P, we also prune all pendant vertices except the neck in P. The neck corresponds
to the parent of the nodes in P. We repeat the process until the resultant graph becomes
one of the basic cases, and we obtain the DH-tree T derived from G = (V, E).

An example of the DH-tree derived from G in Fig. 1 is depicted in Fig. 3. The con-
traction of twins is described by removing all siblings except the smallest one. Each
node in the DH-tree corresponds to a vertex in the graph in Fig. 3.

The DH-tree derived from a distance-hereditary graph can be redundant: As a rule
(β) can be replaced by (β′), if a node with label “w” is the parent of the other nodes with
label “w,” they can be weak siblings (in Fig. 4, the case (1) can be replaced by (2)). The
same reduction can be applied to the nodes with label “s”.

Hence we can introduce the notion of the normalized DH-tree of a distance-
hereditary graph G, which is obtained from the DH-tree derived from G by applying
the reduction as possible as we can. The reduction can be done by the standard depth

1 We will use the notation “node” for a DH-tree to distinguish from a “vertex” in G.
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first search. Hence, the normalized DH-tree T of G can be obtained from the DH-tree
T ′ derived from G in O(|T |) = O(|T ′|) = O(n) time and space.

Theorem 4. The normalized DH-tree of a connected distance-hereditary graph is
canonical. That is, the normalized DH-tree T for a connected distance-hereditary graph
G is uniquely determined, and the original distance-hereditary graph G is uniquely con-
structed from the normalized DH-tree T .

Corollary 1. The normalized DH-tree T for a distance-hereditary graph G = (V, E)
requires O(|V |) space. 
�

Note: By Theorems 1 and 2, the normalized DH-tree for a cograph only consists of the
nodes of labels s and w. The same notion for a cograph appears in many literature as the
cotree, e.g., [5,10,11]. Since only the nodes of label p require the ordering of children,
cotree of a cograph is the rooted non-ordered tree.

4 Linear Time Construction of Canonical Trees

In this section, we give a linear time algorithm for constructing the DH-tree of a
distance-hereditary graph. From Lemma 4(2) and Observation 3, a set W ∈ W (resp.,
S ∈ S) corresponds to a set of vertices pointing to the same node in T (G) (resp., T [G]).
From Lemma 4(1), a set P ∈ P contains one neck v. Then, by Lemma 4(1), (2), and
Observation 3, the set P corresponds to a node x of depth 1 in T (G) such that (1) x has
label v, (2) x is pointed by at least one vertex in G, and (3) all vertex in P \ {v} points to
x. The outline of the construction of the canonical tree for a distance-hereditary graph
is; (1) construct the open and closed prefix trees, (2) if G ∼ Kn or G is a star, complete
T and halt, (3) produce nodes of T for vertices in P ∪ S ∪W, (4) contract twins and
prune pendants with updates of prefix trees T (G) and T [G], and go to (2). Now we fix
the families P, S, andW. Let w be a vertex which will be removed from G since it is
one of twins or pendant. Hereafter, we assume that w is the largest vertex among them.
We have two cases.

Twin: We first assume that w is the largest twin that has a sibling w′ with w′ < w.
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Lemma 5. Let x be any node of prefix tree with label w, and y the parent of x. Then x
is the largest node among the children of y.

By Lemma 5, no unification occurs in the while loop in Algorithm 1, since all children
of x are larger than any other child of y. Thus we have the following:

Theorem 5. The prefix trees T (G − w) and T [G − w] can be obtained from T (G) and
T [G] in O(|N(w)|) time, respectively.

Pendant: Next we assume that w is a pendant. For the maintenance of a pendant vertex
in a distance-hereditary graph, we introduce a technical vertex ordering, called levelwise
laminar ordering (LL-ordering, for short). We here introduce notations N+v (u), N−v (u),
and N0

v (u) as follows. Let v be a vertex in G = (V, E). Then N+v (u) := Nd(u,v)+1(v)∩N(v),
N−v (u) := Nd(u,v)−1(v)∩ N(v), and N0

v (u) := Nd(u,v)(v)∩ N(v). We define N−u (u) := ∅. Due
to space limitation, we only state here the properties of the LL-ordering below:

(L1) For any vi ∈ Nk(r) and v j ∈ Nk′ (r), i < j holds if 0 ≤ k < k′.
(L2) For any vi, v j ∈ Nk(r), k ≥ 1, i < j holds if N−r (v j) ⊂ N−r (vi).
(L3) Let vi, v j be any vertices in Nk(r), k ≥ 1, i < j such that N−r (vi) = N−r (v j).

Then we have N−r (vi) = N−r (v j) = N−r (v) for all vertices vi < v < v j.

The LL-ordering is a partial order weaker than the order by LexBFS. Thus our algorithm
runs under weaker assumption than the previous results in [2,11]. If the graph G is a
distance-hereditary graph, G has the LL-ordering, and it can be computed in linear time.
We also can remove a pendant or contract twins without violating the LL-ordering.

We are ready to remove the largest pendant w. Let w′ be the neck of w. Vertices are
ordered in the LL-ordering (r = v1, v2, . . . , vn) from the root r in V . Then we have two
subcases. First case is the special case that w = r; in the case, w is the only pendant,
since there are no other pendant larger than w. Due to lack of space, we omit the case,
and we now assume that we aim to remove the pendant w that is not the root.

Lemma 6. Let w be the largest pendant in Ni(r) with i ≥ 1 (for fixed P). We delete w
from T (G) and T [G] by Algorithm 1. Then the unification cost is always O(1).

Theorem 6. If G is a distance-hereditary graph, the DH-tree T derived from G can be
constructed in O(|V | + |E|) time and space.

5 Applications

Hereafter, we assume that given graph G = (V, E) is a distance-hereditary graph.

Theorem 7. (1) The recognition problem for distance-hereditary graphs can be solved
in O(n+m) time and space. (2) The graph isomorphism problem for distance-hereditary
graphs can be solved in O(n + m) time and space.

By the characterizations in [2], we have the following:

Corollary 2. For the following graph classes, we have the same results in Theorem 7:
cographs, bipartite distance-hereditary graphs.
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It is worth to remarking that our algorithm modified for a cotree is quite simple, since
we have no pendant vertices.

Enumeration: For given n, we efficiently enumerate each distance-hereditary graph
with at most n vertices exactly once as follows; (1) enumerate all unordered trees of
n leaves such that each inner node has at least two children,(2) for each tree obtained
in (1), enumerate all possible assignments of labels to all inner nodes, and (3) for each
label assignment in (2), enumerate all possible choices of one child as a neck for each
node with label p.Using the technique in [24], we have the following.

Theorem 8. Distance-hereditary graphs with at most n vertices can be enumerated in
O(n) time for each, with O(n2) space.

Compact encoding: We design an efficient encoding scheme for distance-hereditary
graphs. Our scheme encodes each distance-hereditary graphs G into only (at most) 4n
bits in O(m + n) time. Also one can decode from the string to G in O(m + n) time.

Given G, one can construct its normalized DH-tree T in O(m + n) time. The number
of leaves in T is n. Let ni be the number of inner nodes in T . Since each inner node has
two or more children, ni ≤ n − 1 holds.

We first encode T into a string S 1 with ignoring labels, then encode the labels into a
string S 2. The resulting string S 1 + S 2 has enough information to reconstruct T and so
does G.

Given a normalized (ordered) DH-treeT we traverseT starting at the root with depth
first manner. If we go down an edge of T then we code it with 0, and if we go up an
edge then we code it with 1. Thus we need two bits for each edge in T . The length of
the resulting bit string is 2(n + ni − 1) ≤ 4n − 4 bits. For instance, the bit string for the
tree in Fig. 4 is

000010101100010110111010110010100010010101110111

We can save ni bits from the string above as follows. For each inner node v, after
traversing v’s first child and its descendant with depth first manner, we return back to v
again then always go “down” to v’s second child. Note that each inner node has two or
more children. Thus we can omit this “down” to its second child for each inner node.
In the following bit string those ni = 10 bits are underlined.

000010101100010110111010110010100010010101110111

Thus we need only 2(n+ ni − 1) − ni ≤ 3n− 3 bits. Let S 1 be the resulting bit string.
Then we encode the labels of T as follows. Note that each inner node has one label

among {s, w, p}, and each leaf has no label. We are going to store those labels in preorder
with one bit for each label.

Let v be an inner node of T except for the root. Let u be the parent node of v. We
show that if the label of u is given then the label of v has only two choices. By properties
of the DH-tree, if the label of u is s, then the label of v is not s. Similarly, if the label of
u is w, then the label of v is not w. If the label of u is p, we have two subcases. If v is the
leftmost child of u, then the label of v is not p, otherwise the label of v is not w. (Note
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that two or more neighbors are needed for weak twins.) Thus in any case the label of
node v has only two choices.

Also the label of the root is either s or p since we assume that given graph is con-
nected. Thus we can encode the label of each inner node with only one bit in preorder.
The detail is as follows.

If the label of the root is s then we encode it with 0, otherwise the label is p and we
encode it with 1. For each inner node v except for the root we have the following three
cases. Let u be the parent node of v.
Case 1: The label of u is s. If the label of v is w then we encode it with 0, otherwise the
label is p and we encode it with 1.
Case 2: The label of u is w. If the label of v is p then we encode it with 0, otherwise the
label is s and we encode it with 1.
Case 3: The label of u is p. We have two subcases.
Case 3(a): v is the leftmost child of u. If the label of v is s then we encode it with 0,
otherwise the label is w and we encode it with 1.
Case 3(b): v is not the leftmost child of u. If the label of v is s then we encode it with
0, otherwise the label is p and we encode it with 1.

In this way we can encode the label of each inner node with only one bit. By con-
catenating those bits in preorder we can encode the labels of inner nodes into a bit string
of ni ≤ n − 1 bits. Let S 2 be the resulting string.

Thus we have encoded a distance-hereditary graph into a string S 1 + S 2 with 2(n +
ni − 1) ≤ 4n − 4 bits. Now we have the following Theorem and Corollary.

Theorem 9. A distance-hereditary graph G can be represented in 4n bits.

Corollary 3. The number of distance-hereditary graphs of n vertices is at most 24n.

Using a simpler case analysis, we also have the following corollary.

Corollary 4. A cograph G can be represented in 3n bits, and the number of cographs
of n vertices is at most 23n.
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