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Abstract. Let P be a set of n points in the proper inside of an axis-
aligned rectangle R, and each point in P is either h-type, v-type or f-type.
We wish to partition R into a set S of n+1 rectangles by n line segments
so that each point in P is on the common boundary line segment between
two rectangles in S, and also each h-type point in P is on a horizontal
line segment and each v-type point in P is on a vertical line segment.
(Each f-type point in P is on a line segment. f-type menas free type).
Such a partition of R is called a feasible floorplan of R with respect to
P . Each point in P corresponds to the location of a structurally neces-
sary horizontal or vertical wall, or a column (pillar) to support upper
part, and a feasible floorplan is a floorplan achieving suitable earthquake
resistance. An algorithm to enumerate all feasible floorplans of R with
respect to P is known when P consists of only f-type points.

In this paper when P consists of the three type points we give an effi-
cient algorithm to enumerate all feasible floorplans of R with respect to
P . The algorithm is based on the reverse search method, and enumerates
all feasible floorplans in O(|SP |n) time using O(n) space, after O(n log n)
time preprocessing, where SP is the set of the feasible floorplans of R
with respect to P .

Keywords: Enumeration · Floorplan · Algorithm

1 Introduction

Let P be a set of n points in the proper inside of an axis-aligned rectangle R,
and each point in P is either h-type, v-type or f-type. Those are shortened forms
of horizontal type, vertical type and free type. We wish to partition R into a
set S of n + 1 rectangles by n line segments so that each point in P is on the
common boundary line segment between two rectangles in S, and also each h-
type point in P is on a horizontal line segment and each v-type point in P is
on a vertical line segment. Each f-type point in P is on either a horizontal or
vertical line segment. We call such a partition of R a feasible floorplan of R with
respect to P . Figure 1(b) illustrates the 8 feasible floorplans of R with respect
to the point set P in Fig. 1(a). For simplicity we assume no two points have the
same x-coordinate, and no two points have the same y-coordinate (Otherwise
one can slightly modify the locations). Intuitively each point in P is the location
c© Springer Nature Switzerland AG 2020
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(a) (b)

h-type point

v-type point
f-type point

Fig. 1. (a) An example of a rectangle R and a set P of three points in R, (b) all feasible
floorplans of R with respect to P .

of a structurally necessary horizontal or vertical wall, or a column to support
upper part, and a feasible floorplan is a floorplan achieving suitable earthquake
resistance.

When P consists of only f-type points, several results are known. Ackerman
et al. [1,2] gave an algorithm to enumerate all feasible floorplans with respect to
P . The algorithm is based on the reverse search method [3,4] and enumerates
all feasible floorplans in either O(|SP |n) time using O(n) space or O(|SP | log n)
time using O(n3) space, where SP is the set of feasible floorplans with respect
to P . Yamanaka et al. [8] designed a faster algorithm, which is also based on
the reverse search method. The algorithm is simple and uses only O(n) space,
and enumerates all feasible floorplans in O(|SP |) time. Some efficient algorithms
using a similar technique are designed [5–7].

In this paper we consider a more general problem in which P consists of
the three type points. We give an efficient algorithm to enumerate all feasible
floorplans of R with respect to P . The algorithm is based on the reverse search
method, and enumerates all feasible floorplans in O(|SP |n) time using O(n)
space, after O(n log n) time preprocessing, where SP is the set of all feasible
floorplans of R with respect to P .

The rest of the paper is organized as follows. Section 2 gives some definitions.
Section 3 defines a tree structure among the feasible floorplans. Section 4 gives
our enumeration algorithm. Finally Sect. 5 is a conclusion.

2 Preliminaries

In this section we give some definitions.
Let P be a set of n points in the proper inside of an axis-aligned rectangle

R, and each point in P is either h-type, v-type or f-type. We assume that no
two points in P have the same x-coordinate, and no two points have the same y-
coordinate. A feasible floorplan is a partition of R into a set S of n+1 rectangles
by n line segments so that each point in P is on the common boundary line
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Floorplans with Walls 3

segment between two rectangles in S, and also each h-type point in P is on a
horizontal line segment and each v-type point in P is on a vertical line segment,
and each f-type point in P is on either a horizontal or vertical line segment. We
assume that no four rectangles in S share a common corner point in a floorplan.
One can observe that every maximal line segment not on R contains exactly one
point in P in any feasible floorplan of R with respect to P . Let SP be the set of
all feasible floorplans with respect to P . For R and P in Fig. 1(a), all 8 feasible
floorplans in SP are illustrated in Fig. 1(b).

Let Q be a feasible floorplan of R with respect to P . A line segment containing
no end point of other line segment except at its endpoint is called a basic line
segment. Each maximal line segment consists of one or more basic line segments.
A maximal vertical line segment containing a point p ∈ P is type(u, d) if it
contains u end points of maximal horizontal line segments above p and d end
points of maximal horizontal line segment below p. Thus if a basic line segment
is also a maximal vertical line segment then it is type(0, 0). A basic vertical line
segment with type(0, 0) is a fixed v-wall if it contains a v-type point in P .

3 Family Tree

In this section we define a tree structure among the feasible floorplans of R with
respect to P .

Let Qr be the feasible floorplan of R with respect to P such that each h-type
or f-type point is on a horizontal line segment having its left end on the left
vertical line segment of R and its right end on the right vertical line segment
of R, and each v-type point in P is on a fixed v-wall. We will show that Qr

corresponds to the root of the tree structure. See examples in Fig. 4(d) and
Fig. 5.

Given a feasible floorplans Q �= Qr of R with respect to P , we define the
parent feasible floorplan P (Q) of R with respect to P , as follows. Let s be the
leftmost maximal vertical line segment in Q which is neither the left vertical line
segment of R nor a fixed v-wall. Since Q �= Qr such s always exists. Let p ∈ P
be the point on s. Since s is a vertical line segment, p is either v-type or f-type.
We have the following two cases to consider.

Case 1. s is type(0, 0). See Fig. 2(a).
In this case s consists of exactly one basic vertical line segment, and p is f-type. If
it were v-type then it would contradict the choice of s. We (1) remove s from Q,
then (2) append a horizontal line segment s′ containing p as a basic horizontal
line segment, then extend s′ to left so that s′ has the left end on the left vertical
line segment of R and shrink crossing fixed v-walls so that they remain fixed v-
walls in the resulting floorplan, as illustrated in Fig. 2. Intuitively this is rotation
of s. Note that s′ has exactly one basic horizontal line segment on the right of p.

Case 2. Otherwise. See Fig. 3(a).
In this case s consists of two or more basic vertical line segments. We (1) remove
s from Q, then (2) extend each maximal horizontal line segment t having left
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p
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p
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Fig. 2. The parent floorplan P (Q) of Q in Case 1.

end on s to left so that t has the left end on the left vertical line segment of
R, and shrink the fixed v-walls crossing with some t so that they remain fixed
v-walls, (Note that each t crosses with only fixed v-walls by the definition of
s. See Fig. 3(c)) then (3) extend each maximal horizontal line segment t having
right end on s to the right so that t has exactly one basic horizontal line segment
on the right of p, then (4) finally execute one of the following two subcases.

Case 2(a). p is f-type.
Append a horizontal line segment s′ containing p as a basic horizontal line seg-
ment then extend to left so that s′ has the left end on the left vertical line
segment of R and shrink crossing fixed v-walls so that they remain fixed v-walls.
See an example in Fig. 3(d). Intuitively this is shrink and rotation of s. Note
that s′ has exactly one basic horizontal line segment on the right of p.

Case 2(b). p is v-type.
Append a vertical line segment s′ containing p as a fixed v-wall. Intuitively this
is shrink of s.

We have the following fact.

Fact 1. If P(Q) is derived from Q by rotation of a vertical line segment s to a
horizontal line segment s′ (Case 1 or Case 2(a)), then s′ has exactly one basic
horizontal line segment on the right of p in P(Q).
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Fig. 3. The parent floorplan P (Q) of Q in Case 2.

Note that the number of maximal vertical line segments of P (Q) is one less
or equal to that of Q. We have defined P (Q) for each feasible floorplan Q except
Qr. We say P (Q) is the parent of Q and Q is a child of P (Q).

Given a feasible floorplan Q in SP , which is the set of all feasible floorplans
of R with respect to P , by repeatedly computing its parent, we can have the
unique sequence Q, P (Q), P (P (Q)), · · · of feasible floorplans with respect to P
which eventually ends with Qr. Note that the total length of the vertical line
segments in those feasible floorplans is decreasing in the sequence, and Qr has
the minimum such length. See an example of such sequence in Fig. 4.

By merging those sequences we define the family tree TP of SP in which the
vertices of TP correspond to feasible floorplans of R with respect to P , and each
edge corresponds to each relation between some Q and P (Q). See Fig. 5.

4 Algorithm

In this section we design an algorithm to enumerate all feasible floorplans of R
with respect to P . The algorithm is based on the reverse search method [3,4].

If we have an algorithm to compute all child floorplans of a given feasible
floorplan of R with respect to P , then by recursively executing the algorithm
from Qr, we can compute all feasible floorplans of R with respect to P . This is
the outline of the reverse search method [3,4]. We are now going to design such
a all-children-enumeration algorithm.
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(a) (b)
Q rP(Q)

(c)
P(P(Q))

(d)
P(P(P(Q)))=Q

Fig. 4. The removing sequence.

Fig. 5. The family tree.

Let s′ be the maximal leftmost vertical line segment in Q which is neither
the left vertical line segment of R nor a fixed v-wall, and p′ ∈ P be the point
on s′ (If Q = Qr we hypothetically regard s′ the right vertical line segment of
R, and we regard p′ any point on s′). One can observe that each possible child
floorplan of Q is one of the following three types for some maximal horizontal
line segment s. See Fig. 6.

Type 1: C(s, 0, 0)
In this type s is a maximal horizontal line segment containing a f-type point
p ∈ P locating on the left of p′ and s has no upper or lower end point of other
vertical line segment on the right of p, so s has exactly one basic horizontal line
segment on the right of p. Thus the horizontal line segment between p and the
right end point of s is (a part of) basic, but s may have an upper or lower end
point of some fixed v-wall on the left of p.

C(s, 0, 0) is the floorplan constructed from Q by (1) removing s from Q, then
(2) appending a vertical line segment s′′ containing p as a basic line segment,
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Floorplans with Walls 7

then (3) extend the fixed v-walls having end points on s (on the left of p) so that
they remain fixed v-walls.

Now C(s, 0, 0) is also a feasible floorplan with respect to P . Intuitively this
is the child floorplan derived from Q by rotation of s.

Note that if s is a horizontal line segment containing a point in P locating on
the “right” of p′ then resulting floorplan C(s, 0, 0) is not a child of Q, since the
leftmost vertical line segment of the resulting floorplan is not s′′ but s′, so the
parent of the resulting floorplan is not Q. Thus we do not need check C(s, 0, 0)
with such s. Also note that if s has an upper or lower end point of other vertical
line segment on the right of p, then s has two or more basic horizontal line
segment on the right of p in Q, so C(s, 0, 0) is not a child of Q by Fact 1. We
can observe otherwise C(s, 0, 0) is a child of Q.

Type 2(a): C(s, u, d)
In this type s is a maximal horizontal line segment containing a f-type point
p ∈ P locating on the left of p′ and s has no upper or lower end point of other
vertical line segment on the right of p, so s has exactly one basic horizontal
line segment on the right of p. Thus, as in Type 1, the horizontal line segment
between p and the right end point of s is basic, but s may have an upper or
lower end point of some fixed v-wall on the left of p.

Let u′ be the number of maximal horizontal line segments above p and d′

the number of maximal horizontal line segments below p in Q. For example for
the floorplan Q in Fig. 6, u′ = 3 and d′ = 2. For two integers u < u′ and d < d′,
C(s, u, d) is the floorplan constructed from Q by (1) removing s from Q, then
(2) appending a vertical line segment s′′ containing p as a basic line segment,
then (3) extending s′′ upward and downward so that it becomes type(u, d), then
(4) shrinking each maximal horizontal line segment t properly intersecting s′′

so that it has an end point on s′′, then (5) extend the fixed v-walls locating on
the left of p and having end points on some shrinked horizontal line segment so
that they remain fixed v-walls. See examples in Fig. 6. Intuitively this is a child
floorplan derived from Q by rotation and extension of s. If u = d = 0 then this
is just C(s, 0, 0).

Note that if s is a horizontal line segment containing a point in P locating on
the “right” of p′ then resulting floorplan C(s, u, d) is not a child of Q, since the
leftmost vertical line segment of the resulting floorplan is not s′′ but s′. Thus
we do not need check C(s, u, d) with such s. Also note that, as in Type 1, if s
has an upper or lower end point of other vertical line segment on the right of
p, then s has two or more basic horizontal line segment on the right of p in Q,
so C(s, u, d) is not a child of Q by Fact 1. Similarly if some t in (4) has an
upper or lower end point of other vertical line segment on the “right” of p in Q
(See Q in Fig. 7) then t has two or more basic horizontal line segment on the
right of p in Q then C(s, u, d) is not a child of Q, since the basic line segments
in t locating right of p except the leftmost one cannot exist in C(s, u, d) (See
the dashed line of C(s, 1, 0) in Fig. 7) so P (C(s, u, d)) is not Q. We can observe
otherwise C(s, u, d) is a child of Q.
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Type 2(b): C(s, u, d)
In this type s is a fixed v-wall containing a v-type point p ∈ P locating left of
p′. Let u′ be the number of maximal horizontal line segments above p and d′

the number of maximal horizontal line segments below p in Q. For two integers
u < u′ and d < d′, C(s, u, d) is the floorplan constructed from Q by (1) extending
s upward and downward so that it becomes type(u, d), then (2) shrinking each
maximal horizontal line segment t properly intersecting s so that it has an end
point on s, then (3) extend the fixed v-walls locating on the left of p and having
end points on some shrinked horizontal line segment so that they remain fixed
v-walls. Intuitively this is the child floorplan derived from Q by extension of s.

Note that if s is locating on the “right” of p′ then resulting floorplan C(s, u, d)
is not a child of Q, since the leftmost vertical line segment of the resulting
floorplan is not s but s′. Thus we do not need check C(s, u, d) with such s.
Similarly if some t in (2) has an upper or lower end point of other vertical line
segment on the “right” of p, then t has two or more basic horizontal line segment
on the right of p, then, similar to Type 2(a) above, C(s, u, d) is not a child of Q.
We can observe otherwise C(s, u, d) is a child of Q.

We have the following lemma.

Lemma 1. Based on the analysis above one can enumerate all child floorplans
of given Q.

We now explain a data structure required for our child enumeration algo-
rithm. We regard each corner of a rectangle as a vertex, each basic line segment
as an edge and a floorplan as a graph. We store and maintain the current floor-
plan using some standard data structure for plane graphs during the execution of
our enumeration algorithm. This part needs O(n) space. We can efficiently trace
the basic segments on the boundary of each rectangle. Also given a vertex and
a direction (up/down/left/right) we can find the neighbour vertex in constant
time.

We also maintain the list of the maximal horizontal line segments having a
point in P on the left of the current leftmost vertical line segment. We assume
that those horizontal line segments are sorted in the list by the x-coordinates
of the points in P on the horizontal line segments. For Qr such list can be
constructed in O(n log n) time. Thus we need O(n) space for the list and can
update it efficiently.

For each recursive call we need O(n) memory and the depth of the call is at
most n so this part needs O(n2) space in total.

We have the following lemma.

Lemma 2. Given a child floorplan C(s, u, d) of Q one can check if C(s, u+1, d)
is a child floorplan of Q or not, and if it is a child floorplan of Q one can generate
C(s, u + 1, d) in O(n) time.

Proof. Let t be the maximal horizontal line segment containing the upper end
point of s′′ in C(s, u, d). We have the following three cases.
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Fig. 6. The child floorplans with respect to s.

If t has a point in P on the left of p ∈ P on s′′, and t has exactly one basic
line segments on the right of p in C(s, u, d), then shrinking t from C(s, u, d) so
that the right end point of t is on s′′ then extending s′′ upward so that it has
one more basic line segment results in C(s, u + 1, d) and it is a child of Q. The
number of different segments between them is clearly O(n), so one can generates
C(s, u + 1, d) from C(s, u, d) in O(n) time.

If t has a point in P on the left of p ∈ P on s′′, and t has two or more
basic line segments on the right of p in C(s, u, d) (See C(s, 0, 0) in Fig. 7) then
C(s, u + 1, d) is not a child of Q, since the basic line segments of t locating right
of p except the leftmost one cannot exist in C(s, u + 1, d) (See the dashed line
of C(s, 1, 0) in Fig. 7) so P (C(s, u + 1, d)) is not Q.

If t has a point in P on the right of p ∈ P on s′′ then removing the part of
t locating left of p from C(s, u, d) then extending s′′ upward so that it has one
more basic line segment and modifying the fixed v-walls having end points on t

p s

t t s’’

Q

p
s’’

t

Q(s,0,0)

p

C(s,1,0)

p

P(C(s,1,0))

Fig. 7. C(s, 1, 0) is not a child of Q.
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10 K. Yamanaka and S. Nakano

so that they remain fixed v-walls results in C(s, u + 1, d), and it is a child of Q.
The number of different segments between them is also O(n).

Thus in O(n) time we can check if C(s, u + 1, d) is a child of Q or not, and
if it is a child we can generate C(s, u + 1, d) from C(s, u, d). ��

Similarly given C(s, u, d) one can check if C(s, u, d+1) is a child floorplan of
Q or not, and if it is a child floorplan of Q one can generate C(s, u, d + 1) from
C(s, u, d) in O(n) time. Thus we have the following lemma.

Lemma 3. One can enumerate all child floorplans of a given feasible floorplan
Q with respect to P in O(kn) time, where k is the number of child floorplans of
Q.

Since we need O(kn) time for each vertex of the family tree, where k is
the number of child floorplans of the floorplan corresponding to the vertex, the
algorithm above runs in O(|SP |n) time in total, where SP is the set of feasible
floorplans with respect to P .

We have the following theorem.

Theorem 1. After O(n log n) time preprocessing one can enumerate all feasible
floorplans with respect to P in O(|SP |n) time and O(n2) space.

5 Conclusion

In this paper we have designed a simple and efficient algorithm to enumerate all
feasible floorplans with respect to a given set P of points. Our algorithm enu-
merate all such floorplans in O(|SP |n) time after O(n log n) time preprocessing,
where SP is the set of floorplans with respect to P , and |P | = n.

Can we enumerate all feasible floorplans with respect to P in O(|SP |) time?
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