
IEICE TRANS. FUNDAMENTALS, VOL.E89–A, NO.9 SEPTEMBER 2006
2445

LETTER

Constant Time Generation of Rectangular Drawings with Exactly n
Faces

Satoshi YOSHII†a), Daisuke CHIGIRA†b), Nonmembers, Katsuhisa YAMANAKA†c), Student Member,
and Shin-ichi NAKANO†d), Member

SUMMARY A plane drawing of a plane graph is called a rectangular
drawing if every face including the outer face is a rectangle. A based rectan-
gular drawing is a rectangular drawing with a designated base line segment
on the outer face. An algorithm to generate all based rectangular drawings
having exactly n faces is known. The algorithm generates each based rect-
angular drawing having exactly n faces in constant time “on average.” In
this paper, we give another simple algorithm to generate all based rectan-
gular drawings having exactly n faces. Our algorithm generates each based
rectangular drawing having exactly n faces in constant time “in the worst
case.” Our algorithm generates each based rectangular drawing so that it
can be obtained from the preceding one by at most three operations and
does not output entire drawings but the difference from the preceding one.
Therefore the derived sequence of based rectangular drawings is a kind of
combinatorial Gray code for based rectangular drawings.
key words: graphs, rectangular drawings, enumeration

1. Introduction

Generating all the possible graphs with a particular prop-
erty has many applications [8], [12]. Quite a few algorithms
to solve these problems are already known [1], [2], [8], [16],
and several fine textbooks have been published on the sub-
ject [3], [5], [13]–[15].

In this paper we wish to generate all “based” rectangu-
lar drawings, which will be defined precisely in the next sec-
tion. A based rectangular drawing is a rectangular drawing
with exactly one designated base line segment on the outer
face. For instance, there are six based rectangular drawings
having exactly three faces, as shown in Fig. 1. The base line
segment on the outer face is depicted by a thick line. How-
ever, there are only two rectangular drawings having exactly
three faces. See Fig. 2. Such based rectangular drawings
play an important role in many algorithms, including VLSI
floorplanning. By checking all based rectangular drawings,
we can find the optimal one with respect to a given property.

A number of algorithms to solve these all-graph-
generating-problems are already known.

Algorithms based on the classical method [3, p.57] first
generate all graphs with a given property allowing duplica-
tions, but graphs are output only if not previously output.
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Fig. 1 Based rectangular drawings having exactly three faces.

Fig. 2 Rectangular drawings having exactly three faces.

This method thus requires a huge amount of space to store
the list of graphs that have already been output. Further-
more, checking whether graphs have already been output
requires a lot of time.

Algorithms based on the orderly method [3, p.57] do
not need to store the list of graphs, as only “canonical” rep-
resentative graphs of each isomorphism class are output.

Algorithms based on the reverse search method [1] do
not need to store the list either. The idea is to implicitly
define a tree H such that each vertex of H corresponds to a
graph with a given property, and each edge of H corresponds
to some relation between the graphs. By traversing the tree
H, one can generate all the vertices of H, which correspond
to all the graphs with the property.

For some problems we can define a simple tree for the
reverse search method, and based on the tree we can gener-
ate all the graphs efficiently [6], [7], [9]–[11]. The idea can
be also applied to generating algorithms for based rectan-
gular drawings. One can generate each based rectangular
drawing having exactly n faces in O(1) time “on average”
[10].

In this paper we give a simple algorithm to generate
each based rectangular drawing having exactly n faces in
constant time “in the worst case” (not on average).

Therefore the derived sequence of based rectangular
drawings is a kind of combinatorial Gray code [4], [13], [15]
for based rectangular drawings. A Gray code [12] is a cyclic
sequence of all 2k bitstrings of length k, such that each bit-
string differs from the preceding one in a small number of
bit entries. A combinatorial Gray code is a generalization of
the Gray code.

The main idea of our algorithm is to define more com-
pact tree than the one in [10] for the reverse search method.

Copyright c© 2006 The Institute of Electronics, Information and Communication Engineers



2446
IEICE TRANS. FUNDAMENTALS, VOL.E89–A, NO.9 SEPTEMBER 2006

The rest of the paper is organized as follows. Sec-
tion 2 gives some definitions. Section 3 shows a simple
tree structure among based rectangular drawings having ex-
actly n faces. Section 4 presents our first algorithm. The
algorithm generates each based rectangular drawing in O(1)
time on average. In Sect. 5 we improve the algorithm so that
it generates each based rectangular drawing in constant time
in worst case. Finally Sect. 6 is a conclusion.

2. Preliminaries

In this section we give some definitions.
Let G be a connected graph. A tree is a connected

graph with no cycle. A rooted tree is a tree with one ver-
tex r chosen as its root. For each vertex v in a tree, let P(v)
be the unique path from v to r. If P(v) has exactly k edges
then we say the depth of v is k. The parent of v � r is its
neighbor on P(v), and the ancestors of v � r are the vertices
on P(v) except v. The parent of r and the ancestors of r are
not defined. We say that u is a child of v if v is the parent of
u, and that u is a descendant of v if v is an ancestor of u. A
leaf is a vertex having no child.

A drawing of a graph is plane if it has no edges inter-
sect geometrically except at a vertex to which they are both
incident. A plane drawing divides the plane into connected
regions called faces. The unbounded face is called the outer
face, and other faces are called inner faces. We regard the
contour of a face as the clockwise cycle formed by the line
segments on the boundary of the face.

A plane drawing of a graph is called a rectangular
drawing if every face (including the outer face) is a rectan-
gle. A based rectangular drawing is a rectangular drawing
with exactly one designated line segment on the outer face.
The designated line segment is called the base and we al-
ways draw the base as the lowermost line segment of the
drawing. For example, all based rectangular drawings hav-
ing exactly three faces are shown in Fig. 1, in which each
base depicted by a thick line. Two faces F1 and F2 are ns-
ad jacent if they share a horizontal line segment. Two faces
F1 and F2 are ew-ad jacent if they share a vertical line seg-
ment. If two rectangular drawings R1 and R2 have a one-
to-one correspondence (possibly after optional rotation) be-
tween faces preserving ns- and ew-adjacency, then we say
R1 and R2 are isomorphic. If two based rectangular draw-
ings R1 and R2 have a one-to-one correspondence between
faces preserving ns- and ew-adjacency, and in which each
base corresponding to the other, then we say R1 and R2 are
isomorphic.

3. The Family Tree

Let S n be the set of all non-isomorphic based rectangular
drawings having exactly n ≥ 2 faces. In this section we
explain a simple tree strucutre among the based rectangular
drawings in S n.

A tree structure Told among S n ∪ S n−1 ∪ S n−2 ∪ · · ·∪ S 1

is known [10]. Every vertex of Told corresponds to a based

rectangular drawing having “at most” n faces, and each
leaf corresponds to a based rectangular drawing having “ex-
actly” n faces. In this paper we define a new simple tree
structure Tn only among S n, in which each vertex corre-
sponds to a based rectangular drawing having exactly n
faces. Thus if we wish to generate each based rectangu-
lar drawing having exactly n faces, then, by traversing the
new tree Tn we can generate each based rectangular draw-
ing at each vertex, while by traversing the known tree Told

we can generate each based rectangular drawing having ex-
actly n faces only at each leaf. Thus we can more efficiently
generate based rectangular drawings having exactly n faces.

Here we need some definitions.
A face F in a based rectangular drawing is called a span

face if the contour of F contains two vertical line segments
on the contour of the outer face. Intuitively, a span face is a
face touching both the east and the west boundary. If all the
faces located below span face F are also span faces, then
F is a based span face. We always draw the contour of a
based span face as dotted lines. If every face of a based
rectangular drawing R is a based span face, then R is called
the root rectangular drawing. We denote by R(n) the root
rectangular drawing having exactly n faces. For example,
R(5) is shown in Fig. 3.

Let R � R(n) be a based rectangular drawing in S n, and
F be the inner face of R having the upper-left corner of the
outer rectangle of R. We call F the first face of R. The first
face of a based rectangular drawing is shaded in Figs. 4–11.
The first face F is upward removable if R has a vertical line
segment with upper end v, where v is the lower-right corner
of F. See Figs. 4(a) and (b). Otherwise, R has a horizontal
line segment with left end v, and the first face F is leftward
removable. See Fig. 4(c). Since R � R(n) and n ≥ 2, the
first face of any R is either upward removable or leftward
removable.

If F is upward removable, then, by continually shrink-
ing the first face into the uppermost horizontal line of R with
preserving the width of F, and enlarging the faces below F,
then adding a base span face at the bottom of R, as shown in
Fig. 5(a), we can obtain another based rectangular drawing
in S n.

Similarly, if F is leftward removable, then, by continu-

Fig. 3 The root rectangular drawing R(5).

Fig. 4 The three types of the first faces.
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Fig. 5 Removing (a) an upward removable face, (b) a leftward remov-
able face.

Fig. 6 The removing sequence.

Fig. 7 The family tree T4.

ally shrinking the first face into the leftmost vertical line of R
with preserving the height of F and enlarging the faces right
of F, then adding a based span face at the bottom of R, as
shown in Fig. 5(b), we can obtain another based rectangular
drawing in S n.

Now, in both cases, given a based rectangular drawing
R the resulting based rectangular drawing is again a based
rectangular drawing in S n. We denote the resulting based
rectangular drawing as P(R). Thus we can define P(R) in S n

for each R in S n except R(n). We say R is a child rectangular
drawing of P(R), and P(R) is the parent rectangular drawing
of R.

Given a based rectangular drawing R in S n, by re-

peatedly finding the parent of the obtained based rect-
angular drawing, we can have the unique sequence
R, P(R), P(P(R)), . . . of based rectangular drawings in S n,
which eventually ends with the root rectangular drawing
R(n). Note that the number of based span faces of P(R) is
always greater than that of R. See an example in Fig. 6.

By merging those sequences we can have the family
tree Tn of S n such that the vertices of Tn correspond to
the based rectangular drawings in S n, and each edge cor-
responds to each relation between some R and P(R). For
instance, T4 is shown in Fig. 7, in which the first faces are
shaded, each edge corresponding to upward removal is de-
picted by a solid line, and each edge corresponding to left-
ward removal is depicted by a dotted line. We call the vertex
of Tn corresponding to R(n) the root of Tn.

4. Algorithm

If the set S n of all based rectangular drawings is given, we
can construct Tn according to its definition, possibly with
huge space and much running time. However, how can we
construct Tn efficiently without knowing the set S n in ad-
vance? We have solved similar problems in [6], [7], [9],
[10]. Since the size of Tn is huge in general, we do not
construct whole Tn at once. However we can traverse Tn

by partially constructing Tn. All we need is an algorithm to
generate all child rectangular drawings of a “current” based
rectangular drawing. By recursively using the algortihm we
can traverse Tn. Now we are going to design such an algo-
rithm.

Note that the algorithm below is similar to the one in
[10], however, since we have introduced the span face we
need more careful case analysis.

Let R � R(n) be a based rectangular drawing in S n hav-
ing at least one based span face. Note that a based rectangu-
lar drawing having no based span face has no child rectan-
gular drawing.

Here we need some definitions to explain our algo-
rithm.

Let PN be the uppermost horizontal line segment of R,
and u0, u1, . . . , ux be the vertices on PN each of which is an
upper end of a vertical line segment. Assume u0, u1, . . . , ux

appear on PN from left to right in this order. See an example
in Fig. 8. Let Fi be the inner face of R with upper-right cor-
ner ui, for 1 ≤ i ≤ x. Assume Fi has e(i) neighbor faces to
the right. Note that e(x) = 1 holds since Fx has exactly one
neighbor face to the right, which is the outer face. Similarly,
let PW be the leftmost vertical line segment of R, and u′0, u′1,
. . ., u′y be the vertices on PW , each of which is an left end of
a horizontal line segment. Assume u′0, u′1,. . ., u′y appear on
PW from top to bottom in this order. Let F′i be the inner face
of R with lower-left corner u′i , for 1 ≤ i ≤ y. Assume F′i has
s(i) neighbor faces to bottom.

Each child rectangular drawing Rc of R is one of the
following two types. Let F be the first face of Rc, and v be a
lower-right corner of F.
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Type 1: The first face F of Rc is upward removable. (Thus,
Rc has a vertical line segment with upper end v.)

Type 2: The first face F of Rc is leftward removable. (Thus,
Rc has no vertical line segment with upper end v.)

Then Type 1 has the following two subtypes.

Type 1(a): Rc has no horizontal line segment with left end
v.

Type 1(b): Rc has a horizontal line segment with left end v.

For each type, we are going to generate all child rect-
angular drawings of R. Assume that R has at least one base
span face.
Type 1(a): If R = R(n) then we regard that R has no child
rectangular drawing with Type 1(a) since P(Rn) = Rn. As-
sume otherwise.

For 1 ≤ i ≤ x, R has exactly e(i) child based rectangular
drawings such that the first face has i neighbor faces to the
bottom. For instance, in Fig. 8, e(5) = 3 for i = 5, so R
has three child based rectangular drawings such that the first
face has i = 5 neighbor faces to the bottom. See Fig. 9(a).

We denote by R(U, s, e, �) the child based rectangular
drawing of R with Type 1(a) such that the first face has s
neighbor faces to the bottom and e neighbor faces to the
right.

Fig. 8 A rectangular drawing R.

Fig. 9 Some child rectangular drawings of R.

Thus for i = 1, 2, . . . , x, R has e(i) child based rectan-
gular drawings with Type 1(a).
Type 1(b): Similarly, for 1 ≤ i ≤ x, R has e(i)−1 child based
rectangular drawings such that the first face has i neighbor
faces to the bottom. For instance, in Fig. 8, e(5) = 3 for
i = 5, so R has two child based rectangular drawings such
that the first face has i = 5 neighbor faces to the bottom. See
Fig. 9(b).

We denote by R(U, s, e,+) the child based rectangular
drawing of R with Type 1(b) such that the first face has s
neighbor faces to the bottom and e neighbor faces to the
right.

Thus for i = 1, 2, . . . , x, R has e(i) − 1 child based rect-
angular drawings with Type 1(b).

Note that if R = R(n) then R has no child rectangular
drawing with Type 1(b).
Type2: Similarly, for 1 ≤ i ≤ y − 1, R has exactly s(i)
child based rectangular drawings such that the first face has
i neighbor faces to the right. Note that F′y is a based span
face, which we are going to remove to generate a child based
rectangular drawing. We denote by R(L, s, e) the child based
rectangular drawing of R with Type 2 such that the first faces
has s neighbor faces to the bottom and e neighbor faces to
the right.

Note that the child based rectangular drawing Rc has
less based span faces than its parent has.

Thus given a based rectangular drawing R in S n, we
can find all child based rectangular drawings of R for each
type. And recursively repeating this process from the root
of Tn corresponding to R(n) we can traverse Tn without con-
structing whole Tn, and at each vertex of Tn we can gen-
erate the corresponding based rectangular drawing. So we
can observe that the algorithm outputs all based rectangular
drawings without duplication. See examples in Fig. 10.

The algorithm does not output entire based rectangular
drawings but the difference from the previous based rectan-
gular drawings.

Now we show our algorithm.

Procedure find-all-children(R)
begin

01 Output R
{ Output the diffenrece from the privious based rectan-
gular drawing.}

02 if R has no based span face then return
03 if R is not equals to R(n) then
{ Let F1, F2, . . . , Fx be the inner faces of R sharing the
uppermost horizontal line segment of R, and assume that
they appear from left to right in this order.}

(a) (b) (c) (d)

Fig. 10 The four sequences of labels.
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04 for i = 1 to x
{ Assume Fi has e(i) neighbors to the right.}

05 for j = 1 to e(i)
06 find-all-children(R(U, i, j, �)) {Type1(a)}
07 for j = 1 to e(i) − 1
08 find-all-children(R(U, i, j,+)) {Type1(b)}
{ Let F′1, F

′
2, . . . , F

′
y be the inner faces of R sharing the

leftmost vertical line segment of R, and assume that they
appear from top to bottom in this order.}

09 for i = 1 to y − 1
{ Assume F′i has s(i) neighbors to the bottom.}

10 for j = 1 to s(i)
11 find-all-children(R(L, j, i)) {Type2}

end

Algorithm find-drawings(n)
begin

1 find-all-children(R(n))
end

The data structure of a based rectangular drawing is as
follows. For each vertex v we maintain a list of the edges
incident to v in clockwise order. Also we maintain the an-
gle between consecutive edges in the list, which is either
90, 180, and 270 degrees. Each edge appears exactly twice
in the lists at both end vertices. We also connect these two
occurrences of the edge each other by pointers. By desig-
nating the two end vertices of the base we can have a based
rectangular drawing.

Theorem 4.1: The algorithm uses O(n) space and runs in
O( f (n)) time, where f (n) is the number of based rectangular
drawings having exactly n faces.

Proof Given a based rectangular drawing R, we can gener-
ate its k child rectangular drawings in O(k) time. Note that
the differences between R and R(U, 1, 1, �),R(U, i, 1, �) and
R(U, i + 1, 1, �) are at most constant number of vertices and
edges. Thus we can generate each drawing in constant time.

Q.E.D.

5. Modification

The algorithm in Sect. 4 generates all based rectangular
drawings having exactly n faces in O( f (n)) time, where f (n)
is the number of nonisomorphic based rectangular draw-
ings having exactly n faces. Thus the algorithm generates
each rectangular drawing in O(1) time “on average.” How-
ever, after generating the based rectangular drawing corre-
sponding to the last vertex in a large subtree of Tn, we have
to merely return from the deep recursive call without out-
putting any based rectangular drawing. This may take O(n)
time. Therefore, we cannot generate each based rectangular
drawing in O(1) time.

However, a simple modification [11] improves the al-
gorithm so as to generate each based rectangular drawing in
O(1) time. The algorithm is as follows.

Procedure find-all-children2(R, depth)
{ R is the current based rectangular drawing, and depth
is the depth of the recursive call.}
begin

01 if R has no based span faces
02 then Output R { R is a leaf.}
03 else
04 begin
05 if depth is even
06 then Output R
{ before outputting its children.}

07 Generate child based rectangular drawings R1,R2,
. . . by the method in Sect. 4, and

08 recursively call find-all-children2 for each child
rectangular drawing.

09 if depth is odd
10 then Output R
{ after outputting its children.}

11 end
end

An execution of the algorithm is shown in Fig. 11.
One can observe that the algorithm generates all based

rectangular drawings so that each based rectangular drawing
can be obtained from the preceding one by tracing at most
three edges of Tn, each of which corresponds to a constant
size of modification of a based rectangular drawing. Note
that if R corresponds to a vertex v of Tn with odd depth, then
we may need to trace three edges to generate the next based
rectangular drawing. Otherwise we need to trace at most
two edges to generate the next based rectangular drawing.

In Fig. 11 each integer near an arrow mark is the num-
ber of edges of Tn between the two vertices corresponding
to the two based rectangular drawings. Each rectangular
drawing corresponding to a vertex of Tn at odd depth is sur-
rounded by a gray rectangle, and these rectangular drawings
are generated after all its child rectangular drawings are gen-
erated.

Fig. 11 An execution of the algorithm in T5.
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6. Conclusion

In this paper we gave a simple algorithm to generate all
rectangular drawings having exactly n faces. The algorithm
generates each based rectangular drawing having exactly n
faces in constant time in the worst case, while the known
algorithm generates each based rectangular drawing in con-
stant time on average. This approach can be applied to other
generating problems, but finding all-something-generating
problems to which our method can be applied remains as an
open problem.
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